The authors [1] have previously written a paper on structural integrity of functionally graded composite (FGC) structure using Mindlin-type finite elements. In this paper, the Mindlin-type element and Reissner-type element have been further developed for the modelling of FGC plate subjected to buckling and free vibration. The Mindlin-type element formulation is based on averaging of transverse shear distribution over plate thickness using Lagrangian interpolation. The Reissner-type element formulation is based on parabolic transverse shear distribution over plate thickness using Lagrangian and Hermitian interpolation. The composite plate considered in this paper is functionally graded in the longitudinal direction only, but the FE code developed is capable of analysing composite plates with functional gradation in transverse and radial direction as well. This study was able to show that the structural integrity enhancement and strength maximisation of composite structures are achievable through functional gradation of material properties over the structure.
List of Symbols B
Matrix of shape function derivatives al. [2] stated that a mesh-free method which approximates displacements based on scattered nodes (i.e. radial basis function and polynomial basis) was employed, in-order to avoid complicated numerical procedures that arises in the FEM from the use of elements. This FEM complication was dealt with in this paper. Other useful studies on functionally graded materials can be found in these references [5 -11] .
In comparison to existing publications, this paper has been able to give unique contributions to the subject 
Optimisation Technique
The optimisation technique used in this paper can be 
Micro-mechanics of Fibrous Composites
This section defines the elastic and strength properties of FGMs [12] . It also describes the micromechanics algorithm and the fibre distribution techniques such as average and smooth fibre distribution technique.
The transverse tensile strength of FGMs is given below
The transverse compressive strength of FGMs is given below.
The shear strength of FGMs is given below. 
Fibre Distribution Techniques
This section explains the implementation of fibre distribution in the FE code. The equation used for fibre distribution is given below. 
Average Fibre Distribution
This fibre distribution technique enables the code user to either specify fibre ratios V 1 and V 2 or the mean fibre ratio V and fibre ratio V 1 . These fibre ratios are then used in computing the fibre ratios at the midpoint of each element using equations which will be derived later in this section.
Smooth Fibre Distribution
This fibre distribution technique enables the code user to either specify fibre ratios V 1 and V 2 or the mean fibre ratio V and fibre ratio V 1 . These fibre ratios are then used in computing the fibre ratios at each Gaussian quadrature point using equations which will be derived later in this section.
Derivation of mean fibre ratio V for specified fibre ratios
Using the fibre distribution equation, the mean fibre ratio can be written as shown below.
Derivation of fibre ratio at both ends of plate (V 1 & V 2 ) and mean fibre ratio Rearranging the equation below, min max
the following equations can be obtained. 
The plots of the fibre ratio distribution for all ten optimisation cases considered in this paper were obtained using Eq. (11) . It should be noted that each of the ten optimisation cases has a mean fibre ratio value of 0.4. 
Finite Element Equations for Mindlin-type Element
This section explains the stiffness matrix and mass matrix formulation for the Mindlin-type plate bending element theory.
Finite Element Theory
The authors [1] have previously written a paper on structural integrity of functionally graded composite structure using Mindlin-type finite elements. Further details of the Mindlin-type element theory can be found in the paper [1] . 
Element Mass Matrix Derivation
It is assumed that different layers are made of the same composite material but with different fibre orientations,
i.e. the density of every layer is the same i.e.
Using D'Alembert's principle, the inertial force vector acting at an infinitesimal volume due to an acceleration vector is:
Hence, the work done by the inertia force due to an infinitesimal virtual displacement field is: 
Equation (18) can be rewritten as:
Defining the following mass matrices:
Equation (28) can be rewritten as:
Hence it can be shown that the element mass matrix is as 
Finite Element Theory

Displacement Equations
The displacement components at the midplane of an nnode element can be subdivided into the following categories:
where N i represents Lagrangian shape functions.
(ii) Transverse shear components
where  x and  y represents the average transverse shear deformation in the x-z and y-z plane respectively.
(iii) Out-of-plane component There are two types of interpolation for the lateral deflection w:
where
represent Hermitian shape functions. The explicit expressions for the Lagrangian and Hermitian shape functions can be found in [13] [14] Transverse shear strain components These strain components are assumed infinitesimal and are represented by the equation shown below. 
Strain Energy Variation
The variation of strain energy density at a point inside the L th layer is given below.
Generalised Equation of Equilibrium
The work done by actual loads can be expressed in terms of equivalent nodal loads as given below.
Using the principle of virtual work, the generalised equation of equilibrium can be derived.
An approximate solution of this equation of equilibrium gives the expression for the residual vector.
Linearisation of Equations of Equilibrium and Derivation of Element Equations
In order to restore equilibrium, the residual vector must approach a value of zero. This equilibrium is achieved by employing the expressions below. 
Element Mass Matrix Derivation
This derivation follows the same procedure as in 
Buckling Analysis Solution
Buckling occurs at infinitesimal strains.
A small deflection analysis can be carried out with a small load representing the distribution of actual load, and has equivalent nodal loading vector F o which is defined
Just before the onset of instability, the strains can be considered infinitesimal, and if instability occurs at:
This gives a characteristic equation and its smallest real roots define the critical buckling load. 
Numerical Example of Buckling Case Study
Composite Material Data
The composite material data used for all the cases studies are tabulated below. 
Dynamic Analysis Solution
Consider an ideal structure with no damping forces, the dynamic finite element matrix equation can be reduced to the expression below.
In a natural mode, each point of a structure executes harmonic motion about the position of static equilibrium at the same frequency. Hence it can be assumed that, at a natural mode of vibration: 
Numerical Example of Vibration Case Study
The FE model used in this section is as described in 
CONCLUSION
In this paper, the optimum design criterion employed, is one that satisfies the follow design criteria.
 Maximum critical buckling load (i.e. maximum buckling eigenvalue)
 Maximum vibration frequency.
Hence, using the definition of design criterion above, the results in the previous sections have been summarised below and the optimum design was determined from the table. Table 4 shows the optimum fibre distribution for each load case. Analysis of the results shows that fibre distribution with P=2 and V1=0.6 is the optimum design.
This fibre distribution has resulted in 20% increase in critical buckling load and 15% increase in the natural frequency of the composite structure.
In this paper, a Reissner-type element and a Mindlin- 
